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LElTER TO THE EDITOR 

Invariants of the quantum supergroup Uq(gl(m/l)) 

R B Zhang 
Departments of Mathematics and Theoretical Physics, Institute for Advanced Studies, 
Australian National University, Canberra, Australia 

Received 27 June 1991 

Abstract. A spectral parameter dependent solution of the graded Yang-Baxter equation 
i s  obtained, which in U , ( g l ( ~ / l ) ) O E n d ( V )  with V being the venor module of 
U,,(gl(m/l)). Invadants of this quantum supergroup are constructed using this solution 
and a general method developed in an earlier publication. 

Quantum supergroups [ 1,2] are the supersymmetric generalizations of quantum groups 
[3,4], which are obtained by quantizing the Lie bi-super algebraic structures [5,6] of 
the basic classical Lie superalgehras. They constitute a class of Z,-graded 
quasitriangular Hopf algebras, which are interesting from a purely mathematical point 
of view. It is also important physically to explore the structure of quantum supergroups 
because of their close connection with the graded Yang-Baxter equation. 

In an earlier publication [7] we presented a general method for constructing 
invariants of quantum supergroups. As demonstrated by the Uq(gl(2/l)) example, the 
method enables one to construct quantum supergroup invariants in a systematical way, 
provided that ( idOT)R and ( idOT)RT are known explicitly for some nontrivial 
representation T, where R is the universal R-matrix, and RT its transpose. 

As a first step towards the construction of the invariants of the quantum supergroup 
U,(gl(m/n)), we study in this letter the special case UJgI(m/l)) using the method 
developed in [7]. The main difficulty in doing this is that the universal R-matrix of 
this quantum supergroup is only formally known, and it is a highly nontrivial and 
laborious exercise to obtain an explicit formula for it. Fortunately, for the vector 
representation T furnished by the vector module V, ( v O i d ) R  and (?rOid)RT of 
Uq(gl(m/l)) can be constructed by first building a solution L(x)E U,(gl(m/l))O 
End( V) of the graded Yang-Baxter equation, and then examining its limits when the 
spectral parameter x goes to m and 0. This rather indirect approach to the construction 
of (IrOid)R and (?rOid)RT avoids the very difficult problem of explicitly evaluating 
the universal R-matrix, which, though important, is beyond the scope of this letter. 
Also, the L(x)-operator obtained is interesting in its own right: for each irreducible 
representation of U,(gl(m/ 1)) it yields an integrable lattice model. 

Using the L-operator, the invariants of Uq(gl(m/l)) are constructed following the 
procedure given in [7]. For the sake of concreteness we work out the explicit expressions 
of some of the invariants and their eigenvalues in arbitrary irreducible highest weight 
representations. 

The quantum supergroup U,(gl(m/l)) is the one-parameter deformation of the 
universal enveloping algebra of the Lie superalgebra gl(m/l). It is a unital algebra 
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a # m + l  
a = m + l  [ a ]  = {: 

and we will say that the elements 
in (1) are even. 

U,(gI(m/l))OU,(gl(m/l)), defined for the elements E:, , ,  E :  by 

and E:" are odd, while the rest appearing 

The algebra Uq(gl(m/l)) admits a co-multiplication A :  Uq(gl(m/l))+ 

A ( E : ) = E : @ l + l @ E :  

a co-unit E :  U,(gl(m/l))+C such that 

& ( E : , , ) =  E ( E : )  = O  &(1)=1 

and an anti-pode S :  Uq(gl(m/l))+Uq(gl(m/l)) ,  which is an algebraic anti- 
homomorphism defined by 

S ( E : + l )  = -E:+lq-h" 

S (E:+ ' )  -qhaE:+' (3) 

S( E : )  = -E: .  

For later use we define the elements E ; ,  E;, a, b = 1,2 , .  . . , m +1, recursively by the 
following relations 

E E = E : E - q- 'E  :E: 

It is easy to convince oneself that the above definitions are self-consistent. 
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The vector representation ?r of U@(m/I)) is not deformed in the following sense 

r(C*J = CL, ?r(E:)=e: ( 5 )  
where e; are the matrices 

= 8aasbp. 

Let us now construct the following equations for an invertible L(x) E Uq(gl(m/l)) 0 
End! V), 

L(x)(idO?r)A(o) = (idO?r)A'(o)L(x) Vw E Uq(gKm/l)) (6a) 
L(x){x-*E00 a(q-E"!-E:) + 1 0  n( Eo)) = { x - ~ E , ~  1 + q-E":-E:O ?r(E,))L(x) 

where Vis the vector module of UJgI(m/l)), Eo is defined by 
(66)  

Eo= q-E;+E"::Ey+' 

and A =  T .  A represents the opposite eo-multiplication with T: U,(gl(m/l))O 
U,(gl(m/l))+ U,(gl(m/l))OU,(gl(m/l)) the twisting map such that for any two 
elements U, ti E U,(gl( m / l ) ) ,  

- V O U  both U and ti are odd 
T ( ~ O U ) = { ~ ~ ~  otherwise. 

Equation (6) admits at most one solution up to scalar multiples, and a solution of 
it automatically satisfies the graded Yang-Baxter equation [2,4]. By analysing the 
semi-classical limit of (6) we can see that for large 1x1, L ( x )  is proportional to (idO?r)R, 
and when x is near zero, L(x) is proportional to (idOn)R-T, with R-T= T(R-'), 
where T is the twisting map defined above. 

In order to solve (6) we first define 

then show that: 

Lemma. 

L'*'(idO~)A(o)=(idOn)A(w)L'*' V w  E Uq(gKm/l)). (8) 

Proof: Let us consider L'+' first. Define 
m 

@ = 1 0  I - ( q  - q- ' )  EL+, 0 e:+' 
; = I  

*,ex L'+' ca:: be expre-sscd I" !CmrS of m 2nd L1" 2s 
( + I -  - E " : : @ c " : ~ b + @ ,  L - 4  

Note that Li+' is nothing else but (id@a)Ro, where Ro is the universal R-matrix of 
the Hopf subalgebra U,(gl(m))c UJgI(m/l)). Also, 

[@, (idOa)A(w)]=O V u  E U,(gl(m)) 
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thus equation (8) is satisfied by L'+' and all the elements of the Hopf subalgehra 
U,(gl(m)). We therefore only need to show that E:+' and E:+' also satisfy (8) 
with L'+'. 

Straightforward manipulations give rise to the following relations 

q"'h-'+ 1 0  e:+,} 
m-1 

= [ E:+,8q-"'h.'+ 1 @e:+,  - ( q  -4- l )  1 E k + , @ e T  
i = ,  

=~E",+,8q-"(h-'+10e,+l] 1 E;@e:+ 1 Ek+,Oey 
,<r<,lhm 1*,<m 

which immediateiy iead to 

L(+'(idO?r)A(EZ+,) = (idO?r)P'!E",,,)L'+'. 

The case for Em,+' can be proved in the same way. One can similarly demonstrate 
that (8) also holds for L';). 

A useful property of L(-) is 
(L(-')-' = (S@id) L'-' 

[ l B I + ( q - q - l )  1 E:Be; I - - q'.p.@ep"'~' 
Il<b 

which can be easily proved by using the following relations 

E: = E :  + ( q  - q-') 1 E :E: a < b  

S ( E . 2 -  4 bEa 

a<c<b 

a < b  h -- p.-(-l)LLIEb - b  

Now we come to the main result of this section: 

Theorem 1. Let 
L ( x )  =.L'+'-x-'L'-'. 

Then L ( x )  satisfies equation (6) ,  and 

L'+'= ( i d 0 a ) R  (L(- ' ) - '  = ( i d 8  r ) R T  

With  n !h, CEivers.! !?-E.!rix of L!,(g!!r??/I!). 

(9) 

ProoJ The second part of the theorem, i.e. equation ( I l ) ,  follows from the first part. 
In order to prove the first part, it suffices to demonstrate that L ( x )  satisfies equation 
(6b)  because of the lemma. This can he easily carried out by direct computations, thus 
we omit the details here. 

We now construct invariants of U,(gl(m/l)) using the results of the last section 
Let us first introduce some new notation: 

X ;  = q(-''Lb'%EZ a < b  

a < b  X : = q  * E .  
- - a  Y" = -, - I  7 ~ - 1 ~ [ ~ ] ~ " ( - ' " ~ ' p . - ~ ) ~ ! ~ - ~ - ' ) ~  \1 

(-I)IaIEY - b  

.. 
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with 
m 

v ( 2 h p ) =  1 ( m - 2 i ) e j - m e : : :  ;=, 
then C,, V ' ~ E P + ,  belongs to the centre of IJq(gl(m/l)) 

To explicitly compute the invariants, it is convenient to introduce an ( m + l ) -  
dimensional Minkowski space with basis vectors ga, n = 1 , 2 , .  . . , m + 1, and a bilinear 
scalar product ( , ) such that 

(%, 8 b )  = ( - l ) [hlsab.  

Note that this vector space is isomorphic to the dual space of the Cartan subalgebra 
of gl(m/l) .  Define 

... 
2p=  ( m - 2 i ) g ; + m 8 , + , .  

; = I  

Now it is a matter of straightforward manipulations to obtain the explicit forms of the 
invariants. For the first two, we have 

c, x z q ( 2 P . % ' + ( q - q - l )  X ~ X ~ ( - l ) [ b l q ' 2 P . ' h ' 4 - 6 ~ ~  (14) 
0 n a b  

c2= X ; , y ~ q " " " b ' ( - l ) [ h l  

a.h 

+ ( 4 - 4 - 1 )  1 [ ~ ; ~ ~ ~ ~ q ' ~ " " ~ ~ + ~ ~ ~ ~ ~ ~ q ' ~ " ~ ~ ~ ( ~ ~ ) ~ ~ l + ~ ' l ]  
a*b,c 

( ~ ~ ) l ~ ~ l + ~ h l l ~ l h l + ~ ~ l l ~ - 6 ~ ~ - ~ ~ ~  

+ ( q  - 4-1)2  ~ ~ ~ ~ ~ ~ ~ ~ 4 1 ~ ~ . . X ~ ~ ( ~ ~ ) l ~ ~ l + ~ ~ l ~ l ~ ~ l + ~ . l , + ~ h l  
d . r c b . r  

(15) 
The explicit forms of the higher-order invariants, although very easy to obtain, are 
rather complex, thus we will not spell them out here. However, it is worth pointing 
out that when q goes to 1, we have 

(16) 

x 2-6..-=*.-6*h-%, 

C'Ol- , -1im ' C, = X $ ~ ) ~ I X $ : ) ' ~ .  . . X ~ $ ( - I ) ~ ( ~ ~ )  

q -1  { C , t  

k 

6 =  c ~ ~ ~ ~ l + ~ ~ ~ ~ l + ~ ~ , l ~ ~ ~ ~ ~ l + ~ ~ ~ + , l ~ ~  (mod 2) 
i - I  
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where the X'"'s are the standard gl(m/l) elements in the tensor notation, or more 
precisely, 

( _ ~ ) ( I ~ l + [ b l ) ( [ c l + [ d l ) g  ~ ( 0 ) '  
[XWO, X p }  = ab&$). - ad b , 

The first ( m  + 1) C'"'s generate the entire centre of gl(m/l) .  This is an indication that 
the C's also generate the centre of U q ( g l ( m / l ) ) .  We will return to this problem later. 

Finally, it should be noted that in an arbitrary, irreducible highest weight representa- 
tics with highest weigh! A, C ,  trkes the fn!!nuring eigenvz!oe 

n + 1  

x A ( ~ l ) =  ( - l ) [ " l ( q 2 ( A + ~ . x . ) -  4 Z ( P . ~ ~ )  ) / ( q - q - ' ) .  (17) 

We have constructed an L(x)E U,(gl(m/l))OEnd(V) which satisfies the graded 
Yang-Baxter equation. When the spectral parameter goes to m and 0, this L-operator 

U,(gl( m /  1)) and pis its vector representation. Using these objects, we have constructed 
invariants of this quantum supergroup following the general method developed in [7]. 
As we have mentioned earlier, we expect these invariants to generate the entire centre 
of Uq(gl(m/l)). One indication of this is the fact that in the limit q+ 1 ,  our invariants 
reduce to a complete set of generators of the centre of the Lie superalgebra gl(m/l), 
2: we have show -F.avc. hkc, t h ~ x  exists r simi!rr cens!~!cties fer nrdisary q,rn!,m 
group invariants using universal R-matrices and it can be shown in that case that this 
construction yields all the invariants of quantum groups. Thus we expect this to be 
true for quantum supergroups also. 

The program of this paper can be extended to U,(gl(m/n)) for general m and n. 
Results are reported in a separate publication [ 8 ] .  

This work was done while I visited the Department of Mathematics a! the University 
of Melbourne. It is a pleasure for me to thank the colleagues there, especially Drs 
Paul Pearce, Ian Aitchison and Andreas Klumper for many fruitful discussions on 
quantum groups. 
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